We measure the galaxy luminosity function (LF) for the Virgo Cluster between blue magnitudes M B = −22 and M B = −11 from wide-field CCD imaging data. The LF is only gradually rising for −22 < M B < −16. Between M B = −16 and M B = −14 it rises steeply, with a logarithmic slope α ∼ −1.6. Fainter than M B = −14, the LF flattens again. This LF is shallower (although turning up at brighter absolute magnitudes) than the R-band LF recently measured by Phillipps et al. (1998a) , who found α ∼ −2.2 fainter than M R = −13. It is similar, however, to the LF determined from the Virgo Cluster Catalog by Sandage et al. (1985) . A few faint galaxies are found which Sandage et al. missed because their surface-brightness threshold for detection was too high, but these do not dominate the luminosity function at any magnitude. Most of the faint galaxies we find are dwarf elliptical, alternatively called dwarf spheroidal, galaxies. The most important potential source of systematic error is that we may have rejected some high surface-brightness galaxies from the cluster sample because we think that they are background galaxies. This is quite different from what has conventionally been regarded as the most serious source of systematic error in this kind of study: that we are missing many low surface-brightness galaxies because they are never visible above the sky.
INTRODUCTION
The Virgo Cluster is one of only two elliptical-rich clusters within 25 Mpc, the other being the Fornax Cluster. It is near enough that even low luminosity galaxies appear quite big on the sky and can be identified and studied in some detail.
One arcsecond corresponds to about 0.1 kpc in Virgo, which is comparable to the scale-lengths of low-luminosity galaxies (Binggeli & Cameron 1991) . What this means is that if we see a B > 18 galaxy in the Virgo Cluster with a size of several arcseconds, it is much likelier to be a low luminosity cluster member than a high luminosity background galaxy, since intrinsically lower luminosity galaxies have lower surface-brightnesses and consequently larger scale lengths (Binggeli 1994) . A comparison of the joint apparent magnitude -surface-brightness distribution between the Virgo Cluster and blank sky fields therefore gives some indication of the low-luminosity galaxy content of the Virgo Cluster. measured the luminosity function of the Virgo Cluster using the Virgo Cluster Catalog (VCC; and found a luminosity function φ(L) that was gently rising at the faint end: α ∼ −1.35 where φ(L) ∝ L α . They detected galaxies with total B magnitudes BT ∼ 20 (about MB = −11), although they estimated that their completeness limit was two magnitudes brighter than this: at BT > 18, significant numbers of dwarfs have surface-brightnesses so low and scale-lengths so large that they were not detectable above the night sky in the photographic images used to compile the c 0000 RAS VCC. Following this work, Impey, Bothun & Malin (1988) discovered a number of low surface-brightness galaxies with BT < 20 missing from the VCC. They suggested that incompleteness at the faint end of the VCC might be very severe and that the LF could be as steep as α = −1.7. In a more recent development, Phillipps et al. (1998a) present evidence for large numbers of low-luminosity galaxies in the Virgo Cluster. They measure α ∼ −2.2 fainter than an absolute R magnitude of MR = −13. If the LF was this steep, Sandage et al. would have missed the vast majority of cluster members at the faint end, even after imposing their completeness corrections.
All these results suggest that the LF is very likely steeper in the Virgo Cluster than in diffuse spiral-rich groups and clusters. In the Local Group, where very faint absolute magnitudes (MB ∼ −8) can be reached, the faint-end slope is α = −1.1 (van den Bergh 1992 Bergh , 2000 . In the Ursa Major Cluster, a diffuse spiral-rich group at a similar distance to the Virgo Cluster, less faint absolute magnitudes can be reached, but large enough numbers of galaxies are present that a statistically robust LF can be computed. Here α = −1.1 as well (Trentham, Tully & Verheijen 2001a) . Evidence is therefore accumulating that low-luminosity galaxies are very much more numerous per luminous galaxies in dense environments than in diffuse ones.
Values of α ∼ −2 are of particular interest since this is the logarithmic slope of the low-mass galaxy mass function predicted by theory if the primordial fluctuation spectrum is a power law with index n = −2, as appropriate for cold dark matter (Press & Schechter 1974 , White & Rees 1978 , Lee & Shandarin 1999 , Klypin et al. 1999 . If this value of α is appropriate for the Virgo Cluster, this would suggest that in this environment the efficiency of star formation in small galaxies does not depend on the galaxy mass, assuming cold dark matter theory (the problem of reproducing the shallow LF slope α ∼ −1 in the diffuse environments still remains; Moore et al. 1999; Klypin et al. 1999) .
We now present the results of a survey of 25 square degrees of the Virgo Cluster (about one-tenth of the total area of the cluster) observed through the B filter using the Wide Field Camera on the Isaac Newton Telescope on La Palma, taken as part of the INT Wide Field Survey. The intention is to get a reasonably complete (at least to the surface-brightness levels defined in the studies mentioned above) inventory of Virgo Cluster members. We can then construct a luminosity function from MB = −22 (the brightest galaxy in our sample was M87 with MB = −21.5) down to MB = −11. This will permit us to address the following questions: (i) what is the value of α, and does this vary significantly with absolute magnitude i.e. over what magnitude range can we approximate the LF by a power law? How sensitive is the answer to our ability to recognize cluster members based on surface-brightness: could we be missing many high surface-brightness members because we think that they are background galaxies or many low surface-brightness galaxies whose contrast against the sky is too low to allow us to identify them? (ii) what are the morphologies of the faintest galaxies? Most previous work , Phillipps et al. 1998a ) suggests that they are dwarf elliptical (alternatively called dwarf spheroidal) galaxies. This would imply that low surface-brightness irregular star-forming galaxies do not contribute significantly to the LF at the faint end as they do in the Ursa Major Cluster (Trentham et al. 2001a ); (iii) do the results depend on the colour of the galaxies and the filter used? We, like Sandage et al., are using a B filter. Phillipps et al. used a red R filter. How much of the very substantial excess of galaxies they found could be due do this, given that dSph/dE galaxies tend to be red (Caldwell 1983) ? (iv) are there substantial numbers of very low surface brightness (VLSB) galaxies, as seen in the Fornax cluster by Kambas et al. (2000) ? In particular, as we approach the limiting surface brightness at which we can detect objects in our data, do we find more and more VLSB galaxies, and what is the their contribution to the total LF? We will need to quantify this in order to address the questions posed in (i) above; (v) how does the galaxy luminosity function depend on environment? We will compare our Virgo Cluster luminosity function to the B-band luminosity functions of the Local Group, the Ursa Major Cluster, and the rich Coma Cluster at a distance of 90 Mpc. We will then have measurements of the LF in four very different environments. In the case of the Local Group, the LF has large uncertainties due to Poisson statistics. In the Coma Cluster the LF has large uncertainties due to the need to do a background subtraction. It is well-known (Dressler 1980 ) that the morphologies of galaxies depend on environment, specifically on the galaxy density. Our results will indicate whether or not the LF does too, over a large magnitude range.
OBSERVATIONS
The data used here were taken on various observing runs during Spring 1999 and Spring 2000 as part of the INT Wide Field Survey (WFS; http://www.ast.cam.ac.uk/ ∼ wfcsur; McMahon et al. 2001) . This is a digital survey covering about 100 deg 2 of sky carried out using the Wide Field Camera (a mosaic of four 4K × 2K EEV CCDs, pixel scale 0.33 arcsec pix −1 , field of view 0.29 deg −2 ; http://www.ast.cam.ac.uk/ ∼ wfcsur/ccd.html) on the 2.5 m Isaac Newton Telescope on La Palma.
A total of 113 fields in the Virgo Cluster were selected (see Fig. 1 ), comprising 24.9 deg 2 taking into account overlaps between the images, which were typically 1 chip or 1/4 of the field of view. All fields were imaged through a B (effective wavelength λ0 = 0.44 µm) filter for 750 s under photometric conditions. A total of 31 deg 2 from the WFS imaging survey of the North Galactic Cap (NGC), taken in photometric conditions with a B filter, were also studied, these being used as offset fields to estimate the background contamination in the Virgo sample. The exposure times in B (750 s) were the same for the Virgo and NGC data.
The data were pre-processed and reduced via the WFS pipeline (http://www.ast.cam.ac.uk/ ∼ wfcsur/ pipeline.html; and photometric calibration obtained from observations of several (5 -10 per night) standard stars. The photometric zero points were always accurate to 2 %; uncertainties in the zero point are not a major source of uncertainty in the galaxy magnitudes that we derive. The median seeing was 1.95 arcseconds for The dots represent the locations of the 2096 Virgo Cluster Catalog galaxies (Binggeli et al. 1995) . The exact shape of the INT Wide Field Camera, indicating the positions of the 4 CCDs, is shown in the bottom right hand corner.
the Virgo data and 1.26 arcseconds for the NGC data (since we will be searching for galaxies with large sizes and low surface-brightnesses, the relatively poor seeing of the Virgo data is not a major concern). For the Virgo data, the median 3σ point source limiting magnitude was B = 25. Of the 113 fields we studied, 9 of the fields were also imaged through a Z (λ0 = 0.90 µm) filter for either 600s or 1200 s under photometric conditions. This data was used to compute B − Z colours for a small number of galaxies in the B sample. The median seeing in the Z dataset was 1.53 arcseconds FWHM.
GALAXY IDENTIFICATION AND SELECTION
Initially an image detection algorithim developed by Irwin (1985 Irwin ( , 1996 was run on the images. A source was defined to be 5 contiguous pixels with a flux signal-to-noise ratio of 1.5 above the sky. Generated parameters include the position, intensity and shape of each detected object. We used only the position information. Aperture magnitudes were subsequently calculated for all the sources using the IRAF AP-PHOT task with a local sky value measured for each object (typically the mode within an annulus of inner and outer radii 0.5 and 1.0 arcminutes centered on the object). In our dataset we had about 10 6 galaxies (about 2500/chip) with B magnitudes within a 6 arcsecond aperture brighter than B(6) = 23 (here, as throughout the paper we use the notation B(r) to mean the magnitude within an aperture of radius r arcseconds). In this section we describe how we identified which ones are likely to be Virgo Cluster members and assess how much confidence we should have in these identifications.
Many of the brightest galaxies (typically those with B(6) < 18) had spectroscopic velocity measurements available. For such objects we can identify with 100 % confidence which are members and which are not. We follow Binggeli et al. (1985) in assigning cluster membership to all galaxies with heliocentric velocities between −700 km s −1 and 2700 km s −1 . For the other galaxies, the situation is more complex. As outlined in Section 1, we expect dwarf galaxies in the cluster to have lower surface brightnesses (and consequently more extended light profiles) than background galaxies of the same apparent magnitudes. Morphologically we expect them to be either smooth (dwarf elliptical/spheroidal galaxies) or lumpy (dwarf irregulars) but not to have appreciable spiral structure or a distinctive bulge+disk morphology, both of which are characteristic of luminous giant galaxies (Binney & Merrifield 1997) which would here be background galaxies.
We used both surface-brightness and morphology to assess membership as follows. Firstly we compared the light concentrations of galaxies in the Virgo and background samples. For each galaxy we computed (following Trentham et al. 2001a ) an inner concentration parameter (ICP) and an outer concentration parameter (OCP), defined as
The results are presented in Figure 2 .
There is a clear excess of objects with B(4.4) > 18 and ICP ∼ −1.3 in the Virgo fields that are not seen in the background fields. These are presumably Virgo cluster members. They have the correct sizes for dwarf galaxies seen at the distance of the Virgo Cluster since they are close to the dashed lines in the upper left panel of Figure 2 . The scatter around the dashed lines is huge, however, particularly in the lower panels. The dependence on surface brightness of the location of galaxies in the panels in Figure 2 is complex. In general lower surface brightness galaxies have more extended light profiles yet it is not always true that lower surface-brightness galaxies always have more negative concentration parameters. In the lower panels very low surface brightness galaxies have very small differences between their 6-arcsecond and 12-arcsecond aperture fluxes since so much of the galaxy falls below the sky; if the galaxy is faint (as for galaxies at the right end of the dashed lines), the only difference between B(6) and B(12) is due to sky noise. This could lead to an OCP value that could be as high as ∞! Hence there is huge scatter at the faint end in the lower two panels. What all this means is that we must consider the B(6) and concentration parameter values in conjunction with each other when assessing membership i.e. in effect we must consider the entire light profile.
We therefore define a quantity
where v(OCP ′ ,B(6) ′ ) is the number of objects in the Virgo sample with 6-arcsecond aperture magnitudes within 0.5 mag of B (6) ′ and an outer concentration parameter within Figure 2. Inner and outer concentration parameters as a function of aperture magnitude for all objects we detected in both the Virgo and NGC (background) data that did not have close companions projected within 12 arcseconds. Objects indicated with a square (as opposed to a circle) showed either clear spiral structure or were highly flattened disks, usually with central bulges; these are almost certainly background objects if seen in the Virgo fields. The dashed lines represent simulated typical dwarfs from Fig. 1 of Binggeli (1994;  surface-brightnesses µ B in mag arcsec −2 and absolute blue magnitudes M B are related by the approximation µ B ≈ 33 + 0.59M B ) convolved with the seeing and "observed" in the presence of noise appropriate to the data. Exponential profiles and axial ratios of 1 were assumed for the simulated dwarfs.
0.05 mag of OCP ′ and an ICP value lower than −0.9 mag and b(OCP ′ ,B(6) ′ ) is the equivalent number for the background fields. The factor of 1.25 comes from the relative area samples by our Virgo and background surveys. Defined this way P is then an estimate of the probability that a particular galaxy is a cluster member or not.
For cluster members with velocity measurements, P ∼ 1 so we can have some confidence in using P values to assess membership. But some grand-design spirals which are clearly background (these have very negative OCPs due to considerable amounts of star formation far from the galaxy centres) also have P ∼ 1. Hence using P values as a direct measure of membership is not completely safe. Other (related) reasons why we might be suspicious are:
(1) The scatter in Fig. 2 around the dashed lines is large (see the previous discussion), so on an object-by-object basis, the uncertainty in P is large.
(2) Our background sample (even though it comprises about 30 deg 2 of data) is not sufficiently large to compensate for shot noise and Poisson errors in b(OCP ′ ,B(6) ′ ) in regions where the OCP values are large. For example, in the lower right panel of Figure 2 , there are only three galaxies with an OCP < −1.1. These are all low surface-brightness field galaxies.
(3) The field-to-field variance of these low surface-brightness field galaxies is determined by large-scale structure at very low redshift and is consequently likely to be large. This makes the problem highlighted in (2) above more severe.
For example, suppose for some combination of B(6) and OCP, we have 10 Virgo field galaxies with ICP < −0.9 mag and 3 background field galaxies. We would compute P = (10 − 3/1.25)/10 = 0.81. We would therefore think that most of these galaxies are cluster members. But suppose large-scale structure at low redshift caused the field-to-field variance of these low surface-brightness galaxies to be a factor of four. Then the appropriate number of background galaxies with the relevant combination of parameters in the Virgo fields could now be twelve, not three. So P should have been (10−12/1.25)/10 = 0.04, which is negligible. With this value of P , we would now think that most of these galaxies were not cluster members. In summary, until we have a characterization of the field-to-field variance of field galaxies as a function of surface-brightness, values of P must be treated with caution.
So instead of relying solely on P values, we further inspected each galaxy individually and made a judgment about the possibility of membership. We discarded galaxies showing obvious spiral structure and flat disk galaxies with a central bulge, even if their P values were high, since these are almost certainly background giant galaxies (about 15% of the galaxies that we would have identified as possible members in the absence of any morphological information beyond averaged light profiles were rejected on these grounds). For each galaxy that did not have a velocity measurement that we thought might be a member we rated it (as was done in Trentham et al. 2001a ) "1" or "2" depending on whether we thought it was a member with a high or moderate degree of confidence. The rating scheme is summarized in Table 1 .
In making this analysis, we relied for the main part on P values, but also on morphology, particularly in regions of parameter space which were poorly sampled in the background fields (see Point (2) above). Most objects rated "2" were galaxies of moderate surface-brightness where there was some overlap in parameter space between the background and Virgo; such galaxies were not rated "1" due to point (3) above.
There were a few additional complications resulting from this approach that required attention.
1) The Virgo images were taken under a variety of seeing conditions. In the worst conditions the seeing was 3 arcseconds. Galaxies in these images are slightly bigger and have less concentrated light profiles than galaxies in Virgo images taken under more typical conditions or in the background fields. We simulated galaxies and found that differences in P due to seeing variations of this magnitude were negligible relative to other uncertainties; this is not surprising given that we are selecting low surface brightness galaxies that are typically much bigger than 3 arcseconds;
2) Occasionally galaxies of interest fell on cosmic rays or chip defects. Since all candidates on the images are being studied by eye (to assign ratings), it was easy to identify when this happened. In these cases, the cosmic ray or defect was removed by interpolation using the IRAF imedit task. All subsequent analysis was performed on the repaired images;
3) Some objects appeared in more than one exposure (the fields in Fig. 1 overlap) . Occasionally these had very different concentration parameters from each other: one or the other might have fallen near a chip edge or defect. In this event we only used the measured parameters for the undamaged image. Otherwise data from both exposures were combined and used; 4) Often, on the initial detection pass, very low surfacebrightness objects were detected as several separate objects, each centered on a local noise peak. These objects were identified upon inspection and all objects except the single object centered on the galaxy center removed from the catalogue. Subsequent photometry performed on this single object; 5) Similarly, on occasion where galaxies (typically dwarf irregular) had off-center hot-spots, the initial detection algorithm identified objects centered on these hotspots. In these cases, we recentered the galaxy and performed subsequent photometry on this recentered object; 6) Many objects have close companions that were identified upon inspection. The B(6) concentration parameters for such objects have little meaning. Total magnitudes were determined individually as described in Section 4; 7) A few objects, like IC 3483 (heliocentric velocity 108 km s −1 ), fell in the gaps between the CCDs and are missing from our catalogue, even though they are in the area outlined in Figure 1 . This may also have happened for some lower luminosity galaxies. The survey area we quoted in the previous section includes a (small) correction for area lost in this way; 8) Two very high surface-brightness galaxies that look like background galaxies but have velocities which place them in the Virgo Cluster were included (a search for all objects with known velocities was performed using the NASA/IPAC Extragalactic Database, hereafter NED). The two objects were VCC 1313 (a blue compact dwarf) and VCC 1627 (a compact low-luminosity elliptical galaxy). Both lack a detectable low surface-brightness halo at large galactocentric radius, normally a defining characteristic of low-luminosity galaxies. Such galaxies are not common for B < 17 (MB < −14), but were they to be very common at B > 17, they would be missing from our sample and the LF that we determine would be incomplete at the faint end. We do not, however, regard this possibility as likely and return to this issue in Section 7; 9) Low surface-brightness features likely to be associated with luminous galaxies (whether cluster members or background) were judged not to be independent galaxies and removed from the catalogue. For example, there is a large stream of material flowing from the background galaxy pair IC 3481/A (heliocentric velocity ∼ 7000 km s −1 ) that we excluded because it is likely to be associated with these galaxies and not the Virgo Cluster. Similarly, M100 in the cluster is surrounded by considerable amounts of low surfacebrightness material that we assume is associated with that galaxy and is not made up of individual cluster dwarfs; 10) For low surface-brightness objects that fell near the edge of a CCD, it was sometimes not clear if the centre of the object fell on the CCD or not and it is possible that we included objects that we should have rejected under point 7) above. However this happened rarely enough that it is not a significant source of error. 
GALAXY SAMPLE
Our sample consists of 449 galaxies of which we rated 102 as "0", 220 as "1", and 127 as "2". Images of typical galaxies in our sample are presented in Fig. 3 . The galaxy sample is presented in Table 2 . There we list:
(1) the galaxy identification number, ranked by MB. A single star by the name means that we identified a companion close enough that it would affect photometry measurements at radii 6 ′′ < r < 12 ′′ from the galaxy centre but not at r < 6 ′′ . Measurements of the OCP and P for these galaxies are consequently not an indicator of the galaxy properties. A double star by the name means that we identified a companion close enough that it would affect photometry measurements at r < 6 ′′ . Measurements of the B(6), the ICP, OCP and P for these galaxies are consequently not an indicator of the galaxy properties for these objects; (2) the galaxy name as appearing in the NASA/IPAC Extragalactic Database (NED). The VCC numbers refer to the Virgo Cluster Catalog and the IBM88 designations refer to objects studied by Impey et al. (1988) ; (3) the galaxy type, taken either from the Revised Third Catalog (RC3; de Vaucouleurs et al. 1991) of galaxies, the VCC, or our own inspection of the images. The designations are E = elliptical galaxy, S0 = lenticular galaxy, S = spiral galaxy, with following letters indicating the Hubble type, BCD = blue compact dwarf, VLSB = very low surface brightness galaxy (these were labeled as such based on a visual inspection and tended correspond to galaxies having average surface brightnesses within an aperture of radius 12 arcseconds fainter than 26.5 B mag arcsec −2 ; at the very faint end of the sample, this kind of classification becomes tenuous and the distinction between VLSB galaxies and other dwarfs is purely subjective), dE = dwarf elliptical/dwarf spheroidal galaxy, dS0 = dwarf lenticular, dI = dwarf irregular. The notation dE/I means that we were unable to identify from the images what the type of dwarf galaxy was; (4) right ascension; (5) declination; (6) heliocentric radial velocity. See NED for the original references; (7) B(6), the apparent blue magnitude measured within a 6 ′′ radius;
(8) the ICP, or inner concentration parameter, defined as in Section 3. This is not meaningful for objects with companions; (9) the OCP, or inner concentration parameter, defined as in Section 3; (10) the total apparent blue magnitude BT . For the very brightest galaxies (BT < 15) we adopt the RC3 values when available, since these galaxies normally extended beyond the edges of a single CCD chip in our data. For the majority of galaxies we computed BT from the magnitudes within a 12 arcsecond aperture, corrected for light at large radius which has fallen below the sky using the prescription of Tully et al. (1996) . This method requires us to assume an azimuthally-averaged exponential profile B(r) = −2.5 log 10 r 0 I0 exp(−r/h) 2πr dr, to derive the scale-length h and central intensity I0 from a fit at radii below 12 arcseconds, and then to compute BT = B(∞). We estimate errors of about 0.2 magnitudes in this analysis, derived from comparing BT values derived from objects appearing in more than one image. More serious systematic errors might result if the light at large radii that fell below the sky is not exponential or follows a different exponential law from what we derive by fitting at smaller radii; however there is no evidence for this phenomenon happening in the typical dwarf galaxies observed by Binggeli & Cameron (1991) . The only galaxy where we did not use an exponential profile for this extrapolation was the elliptical galaxy NGC 4486A, where we used an r 1/4 -law extrapolation (de Vaucouleurs 1948). For objects labeled "**" the companions prevent a fit from giving meaningful h and I0 values (this effect was not significant for objects labeled "*"), so the BT values were derived individually by identifying a symmetry axis and computing the flux from the part of the galaxy on the other side of this axis from the companion and multiplying this flux by two. Additionally, VCC 2062 was treated this way, since the light from this irregular galaxy peaks so far away from its centre.
Since we will ultimately consider the LF for the entire magnitude range −22 < MB < −11, it is important to consider how the RC3 BT magnitudes used at very bright magnitudes compare with the BT magnitudes we derive from the exponential fitting method at fainter magnitudes. We made the transition from using the different types of measurements at BT = 15. For objects within 0.5 magnitude of this transition magnitude, the difference ∆ between the BT values obtained from the RC3 and those we derive is ∆ = 0.16 ± 0.10 mag, which is smaller than our expected uncertainty in the BT values we derive (see above) and much smaller than the binwidth (1 mag) we use to compute the LF. The RC3 magnitudes will be more accurate for brighter galaxies, but even at the faintest limits that we use them, they therefore appear to be accurate enough for our purposes.
It is also instructive to compare our derived magnitudes with the magnitudes in the VCC for all dwarfs common to both catalogues (see Fig. 4 ). For MB = −16 to MB = −11 we have 318 galaxies, 232 (73 %) of which are VCC members. Some are not (like UGC 7346) since they are not in the VCC fields -in this study we observed fields beyond the northern extent of the VCC (see Fig. 1 ) survey area. Some are not VCC members (like the IBM88 objects) because their surface brightnesses were too low to be included in that sample. From Fig, 3 , we see that the VCC magnitudes brighter than BT = 18 tend to be systematically brighter than ours by about half a magnitude (a similar, albeit smaller, effect was noted by Binggeli et al. 1995 who compared the VCC magnitudes with the BT values derived by Ichikawa et al. 1986 ). Fainter than BT = 17 there is no systematic offset between the VCC magnitudes and ours (the mean difference is BT (present) − BT (VCC) = −0.01 ± 0.04 mag).
(11) the nominal probability P of being a cluster member, as determined in Section 3 from a comparison with the background fields; (12) Galaxy rating according to the scheme described in Table 1 ; (13) nitudes) are adopted from NED and based on the measurements of Schlegel et al. (1998) . We adopt a distance modulus of 31.15 for the Virgo Cluster (Tonry et al. 2001) .
THE LUMINOSITY FUNCTION
The luminosity function for our galaxy sample is presented in Figure 5 and Table 3 . Our luminosity function is similar to that derived by Sandage et al. (1985) . This is not surprising given that most of our galaxies were in the Virgo Cluster Catalog (except at the faint end where our survey was deeper or the VCC is incomplete) and the fact that our total magnitudes for the VCC galaxies (Fig. 4) are similar to the VCC ones.
However, the difference with the results of Phillipps et al. (1998a) is very marked. Our survey reached a similar depth to theirs, but in the faintest three magnitude bins (Fig. 5) we found far fewer galaxies per bright galaxy. In our faintest bin we found only 83 galaxies, whereas given the Phillipps et al. (1998a) inner area LF normalized to our data at MR = −14 (the bright end of the magnitude range over which they fit the LF), we would predict about 1000 galaxies. Additionally, we found that our LF steepened at brighter magnitudes: MB = −16.5 compared with MB = −13.5 (MR = −15) for the Phillipps et al. (1998a) inner area LF. This discrepancy can be explained if the Phillipps et al. (1998a) sample suffers from severe background contamination at the faint end. Alternatively it could means that our sample is incomplete (it would need to be incomplete at about the 90% level) at the faint end relative to the Phillipps et al. (1998a) sample. Such incompleteness could follow from us erroneously rejecting the higher surface-brightness cluster members from our sample because we think that they are background galaxies. We will return Sandage et al. (1985) for all galaxies with B < 20 (M B < −11.1), including their incompleteness corrections. The dotted-dashed line represents the power-law fit of Phillipps et al. (1998a) to their inner-area sample for all galaxies with 15.5 < R < 20 (−15.6 < M R < −11.1), scaled horizontally assuming B − R = 1.5. The two fits are scaled vertically to have the same number of galaxies as our current sample at M B = −14.
to this point in Section 7. Finally, we note that the final two points in the Phillipps et al. (1998a) LF may have been overestimated by a factor of two, meaning that a faint-end slope of α ∼ −1.9 may be appropriate for that dataset, not α ∼ −2.2 (S. Phillipps, private communication) . This would make the inconsistency with the current dataset smaller. Table 3 also gives α, the logarithmic slope of the luminosity function, at each absolute magnitude. The curvature in the LF is real and statistically significant: a single value of α, independent of absolute magnitude, is highly inconsistent with the data, Neither a power-law or a Schechter (1976) function provides a satisfactory fit to the data over any appreciable magnitude range. That we are able to make such a statement follows from the small (Poisson) error bars in Table 3 , which in turn follows from the large number of galaxies in our sample. It is interesting, however, that the average value of α fainter than MB = −18 is α = −1.35, close to the faint-end slope that Sandage et al. (1985) found for the VCC. Over the magnitude range −17 < MB < −14 the average slope is more like α = −1.7, similar to the slope in the Phillipps et al. (1998a) sample over this magnitude range, allowing for a B − R colour of 1.5.
Over the half-magnitude interval −11 < MB < −10.5, only have 29 galaxies classified 0+1+2, implying that the logarithm of the LF at MB = −10.75 is 0.37 ± 0.08 mag
This could be a sign of a weak turnover in the LF, but there are other ways to explain the paucity of galaxies in this interval. For example, the sample could be incomplete at The values of α in this table come from power-law fits over a three magnitude range centered on the middle of the magnitude range for the appropriate entry. Figure 6 . The luminosity function segregated by morphological type (galaxies classified dE/I or dS0 in Table 2 are grouped with the dEs here and galaxies classified as BCD in Table 2 are grouped with the dIs here). The line indicates the total luminosity function, as presented with uncertainties in Figure 5 .
the sample are dE galaxies, as identified on morphological grounds. The structural parameters (see Figure 7 ) and colours (see Figure 8 ) of the galaxies are consistent with this interpretation. Many of these dE galaxies are nucleated, but few of the dIrr galaxies in the cluster are. This suggests either that the two kinds of galaxies form in different ways (despite the similarity in their scaling laws) or that dIs are dEs in formation and that the nucleus is the last part to form. In the faintest three bins about one-third of the galaxies are rated 2. These tended to be high surface-brightnesses dEs that could conceivably be background late-type galaxies. Even excluding these galaxies, dEs are still the dominant types at the faintest magnitudes. Figure 7. Surface-brightness µ B vs. absolute magnitude M B for the sample galaxies, segregated by morphological type (galaxies classified dE/I or dS0 in Table 2 are indicated dE here and galaxies classified as BCD in Table 2 are indicated dI here). Surfacebrightnesses are the average values measured within circular apertures of radius 6 arcseconds. Galaxies with companion stars or other galaxies projected within this aperture are not included. The value of µ B = 21.6 arc sec −2 for galaxy disks (Freeman 1970) is represented by the dashed lines; many spiral galaxies are above this line due to the presence of a bulge. The dotted-dashed line represents typical values (e.g. Binggeli & Cameron 1991 , Binggeli 1994 for exponential dwarf galaxies; many dE galaxies are above this line due to the presence of a nucleus and many dI galaxies are above this line due to the presence of star-forming knots within the aperture. Both dwarf ellipticals and dwarf irregulars have similar scaling laws (Binggeli & Cameron 1991) Figure 8 . Color-magnitude diagram for the 35 galaxies that were in the 9 fields observed in Z and bright enough to be detected at the 5σ level in the Z data. All magnitudes were measured in an aperture of radius 6 arcseconds, which was large enough that the effect on the colours caused by differential seeing between the B and Z data was negligible. Only galaxies with total absolute magnitudes typically M B < −12 are shown. Fainter (and consequently lower surface brightness galaxies) were not detected above sky in the Z-band data, particularly since that data suffers from serious fringing, typically 6 per cent of sky (http://www.ast.cam.ac.uk∼wfcsur/defringing.html). Dwarf elliptical galaxies have B−Z colours of 1.7 -2.2 given the spectral energy distributions of Trentham et al. 1998b) The VLSB galaxies never contribute significantly to the total luminosity function. This result cannot be directly compared to the measurements of VLSB galaxies in Fornax of Kambas et al. (2000) because we require a somewhat lower surface brightness (see Section 4) than do Kambas et al. (see Section 2.2 of their paper) to call a galaxy a "VLSB". Nevertheless, we do find far fewer low surfacebrightness galaxies that are likely to be cluster members than they did in Fornax. The Virgo Cluster has a crossing times shorter than one-tenth of a Hubble time (see Table 1 in Tully et al. 1996) so galaxies here must have undergone many galaxy-galaxy interactions. It is therefore surprising that diffuse VLSB galaxies can survive. Perhaps this is evidence that small galaxies in clusters have substantial dark matter halos.
We also notice a paucity of galaxies having exactly MB = −17.5. A dip in the LF at this absolute magnitude was also seen in the Coma Cluster (Trentham 1998a) and in the NGC 1407 Group , another dense knot of early-type galaxies. This is also the magnitude where the cluster population changes from being dominated by high surface-brightness giant elliptical galaxies to low surface-brightness dwarf elliptical galaxies (see Figure 6 ). These two types of stellar system have very different structural parameters (see Figure 1 of Binggeli 1994), implying that they had very different formation mechanisms.
CAVEATS: INCOMPLETENESS AND CONTAMINATION
We expect to be missing two sorts of galaxies from our sample: galaxies with very low surface brightnesses that are never visible above the sky and cluster galaxies with high surface brightness that we reject from the sample because we think that they are background galaxies. We will argue that neither of these are likely to be a serious problem with the current dataset. Galaxies with very low surface brightnesses (µB > 27 mag arcsec −2 within an aperture of radius 6 arcseconds) are unlikely to be very common for MB < −11. Evidence supporting this is (i) such galaxies were not found in deep images of the Virgo Cluster core taken with the 8 m Subaru Telescope. Those images reached very deep surface brightness limits (about 28 R mag arcsec −2 , equivalently ∼ 29 B mag arcsec −2 for dwarf galaxies) but did not uncover any additional galaxies with MB < −11 that were missing from the current survey because their surface brightnesses were too low; (ii) In Figure 7 , the points at the faint MB end do not cluster right at the very limit of detection (27 mag arcsec −2 ). Most have higher surface brightnesses (although a few have µB ∼ 27 mag arcsec −2 ). This in turn suggests that there do not exist large numbers of galaxies with surface brightnesses just below this limit; (iii) No local galaxies with MB < −11 are known with such low surface brightnesses, although a small number of bulge-dominated galaxies have disk components this faint or fainter e.g. Malin 1 (Bothun et al. 1987) and GP 1444 (Davies, Phillipps & Disney 1988) . The giant galaxy population in the Virgo Cluster is similar to that in the local Universe in terms of galaxy structural parameters, so it is reasonable to expect that the dwarf galaxy population is similar too and that this absence in the field of dwarfs with MB < −11 and µB > 27 mag arcsec −2 extends to the Virgo Cluster.
Dwarf galaxies with very high surface brightnesses lacking an extended diffuse light component are another potential source of contamination because they would be rejected from the current sample since they look like luminous background galaxies (they have low P values). These can either be blue HII galaxies like Markarian 1460 (Trentham, Tully & Verheijen 2001b) or red compact dwarfs like M32 in the Local Group or UGC 6805 in the Ursa Major Cluster (Tully & Verheijen 1997 ). In the Virgo Cluster, VCC 1313 is an example of the former and VCC 1627 of the latter; were the velocities of these two objects not known we would have classified them as background objects. For MB < −14 only these two galaxies of this type were identified. Were such objects to exist with MB > −14, our sample could be incomplete. The fraction of detected galaxies that we assign to the cluster on surface brightnesss grounds ranged from close to 1 at the bright end of the sample (B < 15) to about 1 per cent at the faint end (B ∼ 20) . This is an important change of emphasis from what has classically been thought of as the main uncertainty in studies of cluster luminosity functions. Previously the results from this kind of study were open to question because many very low surface-brightness galaxies could be missing from the . Histogram of all galaxies in the Virgo and North Galactic Cap background regions listed in the Nearby Galaxies Catalog (Tully 1987) and having M B < −16. The peak in the Virgo sample at about 1000 km s −1 represents the Virgo Cluster.
sample since they are never detected above the sky. This is no longer a worry because deep surveys like this one and that of are not uncovering large numbers of LSB galaxies that were missing in shallow ones. Instead, the major concern is now that the sample may be missing many high surface-brightness galaxies which we have culled from the sample because we think that they are background galaxies. We do not however regard this as a serious worry. Firstly, at the bright end of our sample, where velocity measurements are available, galaxies with high surface brightnesses are rare (VCC 1313 and VCC 1627 are the exceptions). Secondly, high surface-brightness galaxies do not appear to be present in substantial number in the Fornax Cluster else they would have been seen in the spectroscopic survey described by Drinkwater et al. (2000a;  this work uses the 2dF spectrograph on the Anglo-Australian Telescope). Small numbers of compact galaxies with early-type spectra were discovered in that survey (Drinkwater et al. 2000b ) but they are too rare to contribute significantly to the Fornax LF. Given the similarities between the Virgo and Fornax Clusters, we do not expect this to be a major source of incompleteness in the current study.
Another potential problem is that the Virgo data but not the North Galactic Cap background data is contaminated by an anomalously large number of nearby galaxies at comparable distances to the Virgo Cluster that are not bound to the cluster (the P values computed by comparing the numbers of low surface-brightness galaxies in the two datasets would then be too high). The contaminating galaxies would need to be nearby or else they would not look like Virgo Cluster galaxies. We regard such a possibility as unlikely due to the paucity of luminous galaxies with velocities between about 2000 km s −1 and 3000 km s −1 in the -20 -18 -16 -14 -12 Figure 10. The total blue luminosity in galaxies brighter than M B , segregated by morphological type (galaxies classified dE/I or dS0 in Table 2 are indicated dE here and galaxies classified as BCD in Table 2 are indicated dI here). The line indicates the total luminosity in galaxies of all morphological types.
Virgo dataset (see Figure 9 ). Were such objects to be numerous, the satellite populations of these luminous galaxies (only very luminous galaxies are listed in the Nearby Galaxies Catalog at these distances and so would be included in Figure 9 ) could look like Virgo Cluster members (satellites of galaxies at higher velocities would be too small).
THE TOTAL OPTICAL LUMINOSITY IN GALAXIES
In Figure 10 , we present the contribution from galaxies of different types and absolute magnitudes to the total optical luminosity of the region of the Virgo Cluster that we surveyed. The total luminosity in our sample is 6.3 × 10 11 L⊙B, corresponding to a luminosity surface density of 5.6 × 10 10 L⊙BMpc −2 . For comparison, for the VCC, Sandage et al. (1985, converted to the distance scale used elsewhere in this paper) measure a luminosity surface density of 3.4 × 10 10 L⊙BMpc −2 averaged over the central six degrees of the cluster. That our number is slightly higher follows from the fact that by proportion our survey covers more high-density areas within the cluster than does the VCC (see Figure 1) . Figure 10 shows that only a small proportion (less than one-tenth) of the total optical luminosity of the cluster is in dwarf galaxies. Even less is in the systems that we called VLSB galaxies. Were these galaxies not to be resolved as individual objects (as would be the case if they were in a more distant cluster), they would be observable only though their contribution to the diffuse intracluster light. This in turn implies that if the cluster LF does not vary strongly between clusters (see the next section), then the intracluster light in Figure 11 . The B-band luminosity functions of the Local Group (open triangles), the Ursa Major Cluster (open circles), the Virgo Cluster (filled circles), and the Coma Cluster (filled squares). The Virgo Cluster data are from this work, shifted upward in the ordinate axis by 2.8 units (to permit clearer presentation). The Ursa Major data are from Trentham et al. (2001a) . The Coma Cluster data are from Trentham (1998a) , shifted upward in the ordinate axis by 1.5 units. The Local Group data is from the compilation of Irwin (http://www.ast.cam.ac.uk/ ∼ mike/local − members.html), adjusted to the B-band (where independent photometric measurements do not exist in the NED database) assuming B − V = 0.6 for the Milky Way (see the template Sbc galaxy spectral energy distribution of Coleman, Wu & Weedman 1980) , B −V = 0.3 for dwarf irregular galaxies (Coleman et al. 1980) , and B−V = 0.8 for dE/dSph galaxies (Caldwell 1983 ). This Local Group data is shifted upward on the ordinate axis by 5.5 units.
distant clusters (typically > 10 per cent of the total cluster light e.g. Melnick, Hoessel & White 1977; Thuan & Kormendy 1977; Scheick & Kuhn 1994; Vílchez-Gómez, Pelló & Sanahuja 1994 ) cannot be produced by the integrated light from low surface-brightness dwarf galaxies and is more likely to be made up of stars tidally released from luminous galaxies within the cluster, perhaps via galaxy harassment (Moore et al. 1996) .
COMPARISON WITH OTHER LFS
In Figure 11 we compare the Virgo Cluster LF to the LFs for the Coma Cluster (z = 0.023), the Ursa Major Cluster, and the Local Group. In Table 4 we present the dwarf-to-giant ratios (DGRs) for the various environments. The DGR is a convenient way to parameterize the LF by a single number; note that different authors e.g. Phillipps et al. (1998b) define this quantity in a different way. The Virgo LF presented here and the Ursa Major LF (Trentham, Tully & Verheijen 2001a) are somewhat more tightly constrained than the Coma LF or the Local Group LF. For the Coma Cluster, the error bars are large due to the need to determine the LF using a background subtraction and the large field-to-field variance of the background (the Coma Cluster is sufficiently distant that the faint dwarfs become smaller than the seeing and we cannot establish membership on the basis of morphology, as we did in the current study). For the Local Group, the error bars are large due to Poisson counting statistics, since there are not many galaxies (there are only six galaxies -M31, the Milky Way, M33, IC 10, LMC and SMC -brighter than MB = −16 for example). There appear to be two types of galaxy luminosity function -one for evolved regions (where the elliptical galaxy fraction is high, the galaxy density is high and the crossing time is short) like the Virgo Cluster and Coma Cluster and one for unevolved regions like the Ursa Major Cluster and the Local Group. The Virgo and Ursa Major LFs represent natural prototypes for the two kinds of LF. The two LFs are inconsistent with each other at a high level of significance: the probability that the two LFs are drawn from a single distribution is << 1 per cent (reduced χ 2 = 22.2 for 5 degrees of freedom). The reason that such a strong statement can be made follows from the small error bars for these two LFs on Figure 11 .
The evolved region LF appears to be characteristic of many clusters (see Trentham 1998c), even though for each cluster individually (like Coma) the LF is poorly determined due the large uncertainties following a background subtraction. In the study of Trentham (1998c) , the composite cluster LF was determined primarily from the LFs of Virgo and Fornax (Ferguson & Sandage 1988) . The current LF, at least in all but the faintest one or two magnitude bins, can to some extent be seen as a verification of the Virgo LF of Sandage et al. (1985) and therefore the LF presented in Table 3 may be regarded as being valid (when scaled appropriately) for the majority of galaxy clusters. The main features of this evolved LF are the steep rise at MB = −16 and the flattening faintward of MB = −14. In the very centres of the richest clusters, the galaxy density is high enough that many dwarfs may be destroyed via cluster-related processes (e.g. Phillipps et al. 1998b, Adami Boyce et al. 2001) and the rise at MB = −16 is no longer observable there, but the Virgo Cluster is unlikely to be rich enough for this phenomenon to be important. The unevolved (i.e. Ursa Major) LF is different from the evolved one in that it lacks the rise (α = −1.6) at MB = −16 and consequently generates a lower DGR. This LF (α ∼ −1.1 everywhere fainter than MB = −18) is also appropriate for the Local Group (van den Bergh 1992 (van den Bergh , 2000 and for the true field, where the LF is determined spectroscopically (see Table 5 ; the values of α quoted by different authors are derived in different ways, for example by Schechter (1976) function fits with different L * , but none are as steep as the Virgo LF at around MB = −16).
COMPARISON WITH THEORY
The discussion in the previous section can be summarized by the following results: 1) The Virgo Cluster LF has a rise with α = −1.6 at MB = −16 than is not seen in the LFs of the field or unevolved environments like the Ursa Major Cluster; 2) This rise does not continue indefinitely towards fainter magnitudes and the Virgo Cluster LF is flat (α ∼ −1.0) between MB = −14 and the limit of our survey at MB = −11. Furthermore, 3) Dwarf galaxies are very deficient in the Virgo Cluster compared to the predictions of CDM theory (which predicts α ∼ −2 if light traces mass). The implication of 1) is then that dwarfs are even more deficient in the field.
Attempting to explain these three results in the context of galaxy formation models leads us to consider the following four physical processes: (i) Tully (2001; see also Somerville 2001 and Tully et al. 2001) has suggested that the dark halos in dense, evolved environments formed early in the history of the Universe, prior to reionization, but that the dark halos in diffuse, unevolved environments assembled much later. The dark halos in the evolved environments, like the Virgo Cluster, could then collect gas which could later be turned into stars, but dark halos in unevolved environments could not -in the terminology of Tully (2001) , the formation of stars within these halos would be "squelched". The end result would be more dwarf galaxies per unit total mass in evolved environments than in unevolved environments, in agreement with result 1) above. In unevolved environments there would be very many dark matter halos with no stars at all. Such a phenomenon is also seen in simulations (Chiu, Gnedin & Ostriker 2001) ; (ii) Local feedback can generate a very low star formation efficiency in low mass galaxies. Winds from a modest number of supernovae can expel a large fraction of the gas in small galaxies (Dekel & Silk 1986 , Efstathiou 2000 because the galaxies have small potential wells. The consequence of this is that the final luminosity L of a small galaxies is very strongly decreasing function of the galaxy mass M so that M/L is a decreasing function of M . The LF that we measure is then much shallower than the mass function, which is what CDM predicts. That this process is important is suggested by the observation that the lowest mass dwarf galaxies are heavily dark matter dominated (Wilkinson et al. 2001) . This mechanism solves the discrepancy with CDM theory in a different way from squelching -it causes all low-mass galaxies to have very low luminosities, rather than turning off star formation altogether in all but very few low-mass halos, leaving most low-mass halos completely dark; (iii) Cluster-related processes like galaxy harassment (Moore et al. 1996) and tidal interactions during the early stages of cluster formation can form dwarfs (Barnes & Hernquist 1992) and may in part be responsible for the higher DGR in clusters. On the other hand, dwarfs formed this way are not be expected to have dark halos (and by implication, low surface brightnesses) like the Virgo dwarfs we studied here; the dwarfs found in the simulations of Barnes & Hernquist do not have appreciable dark-matter content. Additionally, field and cluster dwarfs seem to have similar scaling laws (see Figure 7) , which would seem to argue that field and cluster dwarfs formed in a similar way to each other so that cluster-related processes are probably not the main mechanisms responsible for the difference in the evolved and unevolved LFs; (iv) the number of dwarfs predicted by theory is very much lowered if the power spectrum P (k) of primordial fluctuations is reduced on small scales. A general phenomenon of CDM theory is its success on large scales but its failure to reproduce observations on small (< 10 kpc) scales -the two most serious failures are the dwarf galaxy deficiency studied here and the observed flatness of dark matter profiles in the centres of galaxies (e.g. Binney, Gerhard & Silk 2001) . Possible mechanisms to remove small-scale power from the CDM fluctuation spectrum include making the dark matter warm (Bode, Ostriker & Turok 2001) or self-interacting (Spergel & Steinhardt 2000 , however see Miralda-Escudé 2001 and Moore et al. 2000 . Studying the effects of these particular modifications to the dark-matter power spectrum is currently an active field of study.
In Table 6 we summarize how the different physical processes can explain the observational results listed above. A check is placed in a column whenever an observational result follows from the inclusion of the physical process in question in models of galaxy formation.
FUTURE WORK
A natural extension of the current study is the determination of a deeper and more accurate Virgo Cluster LF. For MB < −11, the main source of uncertainty in the current work is in establishing membership, not in counting statis- Cluster-related processes √ Reducing P (k) on small scales √ tics: the difference between the 0-1 and 0-2 points in Figure  5 is greater than the error bars. Galaxies classified "2", the ones for which we are uncertain about membership, tend to be the higher surface-brightness ones in our sample, so it should be possible to establish distances to these either by measuring spectroscopic redshifts or from surface-brightness fluctuations (Jerjen, Freeman & Binggeli 1998 , 2000 . For MB > −11, deeper observations than those presented here over similarly large angular areas will be required. Such observations are now possible with the advent of mosaic CCDs on 8 m telescopes like Suprime-cam on the Subaru Telescope (for deep observations of 1.2 deg 2 in the core of the Virgo Cluster, see .
A spectroscopic survey of the Virgo Cluster could be extended to include significant numbers of compact, high surface-brightness galaxies that we think are background, in the style of the Drinkwater et al. (2000a) Fornax survey. If the vast majority of such objects are indeed background objects, this would alleviate the concern highlighted in Section 7 that the current sample is heavily incomplete due to us rejecting such galaxies. Such a project is now feasible with the advent of wide-field multi-object spectrographs on large telescopes.
More detailed studies of the dwarf galaxies found in Virgo will also be of value in assessing the importance of the various physical processes at work during galaxy and cluster formations. The following observations should be of particular use: 1) measurement of colours and elemental abundances. These will constrain the star-formation histories of the Virgo dwarfs which in turn will allow a lower limit to be placed on the redshift at which gas was collected by small dark-matter halos. This is of importance in the context of the squelching picture described above. This squelching picture also relies on the very existence of these dark-matter halos around the Virgo dwarfs. In the long term, studies of the kinematics of stars in the dwarfs will be required to verify this assertion;
2) HI measurements of the cold gas content of the Virgo dwarfs. Galaxies that have stayed any appreciable time in the Virgo Cluster would lose their gas via ram-pressure stripping from the cluster X-ray halo. Therefore a large number of dwarfs in Virgo with HI would suggest that many Virgo dwarfs only recently entered the cluster. This would in turn argue against any physical process that requires Virgo dwarfs to have formed in the cluster or at very early times in small groups which quickly merged to form the cluster; 3) the location of dwarfs in the cluster. Do giants maintain their dwarf populations once they are in the Virgo Cluster, or do the dwarfs adopt orbits determined by the cluster potential? If the former were true, dwarfs would tend to cluster around giants. If the latter were true, they would be smoothly distributed throughout the cluster, with a radial density profile similar to that of the giant galaxies. The answer to this question will provide constraints on the darkmatter structure of the Virgo Cluster.
